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We revisit the long-standing question of the relation between image appreciation and its statistical
properties. We generate two different sets of random images well distributed along three measures
of entropic complexity. We run a large-scale survey in which people are asked to sort the images by
preference, which reveals maximum appreciation at intermediate entropic complexity. We show that
the algorithmic complexity of the coarse-grained images, expected to capture structural complexity
while abstracting from high frequency noise, is a good predictor of preferences. Our analysis suggests
that there might exist some universal quantitative criteria for aesthetic judgement.
What makes a beautiful image? Is there such a thing
as universal beauty? These puzzling yet fascinating ques-
tions have been tackled many times in the past within
several disciplines, including philosophy, psychology, arts
or mathematics [1–12]. According to Kant, Is beautiful
that which pleases universally without a concept [13]. The
idea of an intelligible beauty appeared in ancient Greece,
where Nature was believed to be a cosmos constituting a
principle of order and harmony. The proportions between
the constitutive elements of each being are rightfully de-
fined, whether it is a work of art, a living organism or a
city [14]. Following the Greeks, the Baroque and Renais-
sance artists also believed in a universal beauty, and it is
striking that their arts partially rely on a mathematisa-
tion of the artistic representation (symmetry [10], proper
geometric proportions as given by the golden number [1],
etc.). In other terms, the belief that there must be sci-
entific grounds to the conception of what is artistic or
beautiful has been out there for quite some time. Yet,
the very idea of a universal beauty is a longstanding de-
bate which has known many ruptures through the his-
tory of art [2] and still opposes a number a great modern
thinkers.
Physicists’ interest in the subject is more recent.
Stephens et al. [15] showed that natural images were
critical in the thermodynamic sense and proposed a the-
ory for the Thermodynamics of Natural Images. While,
as pointed out above, many would consider quantitative
aesthetics to be an oxymoron, and indeed it would be
rather nonsensical to aim at building a fully consistent
theory of pictorial art, we, as physicists, believe there is
some room for a quantitative analysis. For example one
could easily argue that an aesthetically appealing image
often results from a subtle balance between regularities
and surprises. Indeed, it seems rather plausible to think
that while one might find dull an image that is too reg-
ular (no surprises), one may also feel lost in front of an
image with no recognisable shapes or structures to hang
on to (too much surprise). As argued in [16], Total
chaos is disquieting. Too much regularity is boring. Aes-
thetics is perhaps the territory in-between. Provided one
agrees with such statements, these ideas clearly suggest
that one could design an entropy-like function to quantify
this subtle and complex equilibrium.
To address this question we run a large-scale survey in
which people are asked to sort by preference two different
sets of random images well distributed along three mea-
sures of entropic complexity: Fourier Magnitude’s slope,
fractal dimension and compression rate. The paper is
organised as follows. We first present and motivate our
image generation methods. We then present and analyse
the results of the survey. Finally, we argue that algorith-
mic complexity of the coarse-grained images is a rather
good proxy for image appreciation, and conclude.
There exist many possible measures of image complex-
ity, relying on e.g. their mathematical properties [17, 18],
their physical properties [15, 19, 20], or even their cogni-
tive impact [21–23]. Here we choose to work with three
simple measures that can be easily computed unequiv-
ocally for any digital 2D image. The first one is the
magnitude slope α defined as the logarithmic slope of the
radially averaged Fourier magnitude M(k) = 〈uˆ(k, θ)〉θ,
where uˆ(k, θ) denotes the Fourier Transform of the im-
age greyscale intensity u(r, φ), and M(k) ∼ kα. The
second is the fractal dimension df computed using the
Minkowski-Bouligand box-counting method [24]. Af-
ter transforming the image to B&W using an intensity
threshold ensuring two equally-populated levels [15], the
fractal dimension follows N() ∼ −df where N() is the
number of boxes of size  containing both black and white
features. The third is the compression rate or algorithmic
complexity τ computed as the ratio between the sizes of
the PNG compressed and uncompressed image.
In order to remove possible cognitive and cultural bi-
ases, we choose to design our experiment with abstract
images randomly generated using two of the complex-
ity measures presented above. The first set of images
(Fig. 1a) is generated by reverse-engineering the Fourier
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(a6)
<latexit sha1_base64="PXnpzodK55mdaRbFUvzX9qKKMJI="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr0BP77JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HM80LDQ==</latexit><latexit sha1_base64="PXnpzodK55mdaRbFUvzX9qKKMJI="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr0BP77JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HM80LDQ==</latexit><latexit sha1_base64="PXnpzodK55mdaRbFUvzX9qKKMJI="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr0BP77JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HM80LDQ==</latexit><latexit sha1_base64="PXnpzodK55mdaRbFUvzX9qKKMJI="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr0BP77JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HM80LDQ==</latexit>
(b6)
<latexit sha1_base64="HMFLvM2V4CyJTtCFgR3ZU+KZtKE="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr2BPr7JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HO78LDg==</latexit><latexit sha1_base64="HMFLvM2V4CyJTtCFgR3ZU+KZtKE="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr2BPr7JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HO78LDg==</latexit><latexit sha1_base64="HMFLvM2V4CyJTtCFgR3ZU+KZtKE="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr2BPr7JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HO78LDg==</latexit><latexit sha1_base64="HMFLvM2V4CyJTtCFgR3ZU+KZtKE="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKYWEPAA0qSBBtKkfXeTmmqyHTe1FjuZ7XatrPwMXuF38cRfwUm7rbFrzVKla59zrs +9dmqUJVSqRuPv3PyDhwuPFmuP60+Wni4/W1l93pJpX2ByitMkFecISpJQTk4VVQk5zwSBDCXkDF3uFPjZgAhJU36iRhnpMBhz2qUYK rPUDhUZKr2BPr7JL1bWGluNcgRu0JwEa2AyDi5WF7+sh1GK+4xwhRMoZbvZyFRHQ6EoTkheXw/7kmQQX8KYtE3IISOyo0vXebBuVqK gmwrz4yooVysSDZmUI4YMlUHVkw5YrM4E233V/dzRlGd9RTge79XtJ4FKg6ILQUQFwSoZmQBiQY3fAPeggFiZXtXtqppFVch0lYi8Hk qixrEiLEugIprDAY3LhgaF3zSRuTbEKT+Ex+YweyYLRCSpYiYF5c0pt9OoVtT0rCo4MeSiZQ4Xsep80r/Nm1ZVwGsoRwatLg7HZzNV ZLmgeSoYNO0ztyXXKP6a1+v1kJNrnDIGeaRDnEqDhMU2GCZ6J8+ruKDycgo/snHVF3wKP7HxKJqggunIBiWN+R1cziwGHMQTAkL6u43 idHCHFtYtMTLnWX4pJnsxsWszJ3qLFxM7AdrPtQ7CnjRtJvptY+s9Y3mIWLBvp0KHHuahw2x5mC2HeeVhXjnMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjRXLmajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V3fn87tY7vemst/zq7ezZ2q2bHX mQ6Px9ZsyVEvvW+nUBiOq/R9H7e6/RmiPeh3aDAUzbC4R70XIC7YduuO7jMmZhjbuU+EC5F5b5v26+oGrXdbTRMffljb3py8vDXwCr wGG6AJPoFt8AMcgFOAQQp+gd/gz+K/2kJtqbY8ps7PTTQvQGXUXv4HO78LDg==</latexit>
(b5)
<latexit sha1_base64="ICDqYeSujfSwD/hrC79OgitbhFk="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKaWD8EDSJMGGkiT9t1NaqrJdtzUWuxkttu1svIzeIXfxRN/BSfttsauNUuVrn3OuT 732qlRllCpGo2/c/MPHi48Wqw9rj9Zerr8bGX1eUumfYHJKU6TVJwjKElCOTlVVCXkPBMEMpSQM3S5U+BnAyIkTfmJGmWkw2DMaZdiq MxSO1RkqPQG+vgmv1hZa2w1yhG4QXMSrIHJOLhYXfyyHkYp7jPCFU6glO1mI1MdDYWiOCF5fT3sS5JBfAlj0jYhh4zIji5d58G6WYm CbirMj6ugXK1INGRSjhgyVAZVTzpgsToTbPdV93NHU571FeF4vFe3nwQqDYouBBEVBKtkZAKIBTV+A9yDAmJlelW3q2oWVSHTVSLyei iJGseKsCyBimgOBzQuGxoUftNE5toQp/wQHpvD7JksEJGkipkUlDen3E6jWlHTs6rgxJCLljlcxKrzSf82b1pVAa+hHBm0ujgcn81U keWC5qlg0LTP3JZco/hrXq/XQ06uccoY5JEOcSoNEhbbYJjonTyv4oLKyyn8yMZVX/Ap/MTGo2iCCqYjG5Q05ndwObMYcBBPCAjp7za K08EdWli3xMicZ/mlmOzFxK7NnOgtXkzsBGg/1zoIe9K0mei3ja33jOUhYsG+nQodepiHDrPlYbYc5pWHeeUwhx7m0GEOPMyBw8w8z MxmDoiCHm5YQHbiyJdZh99IomCxg6Px9eJGc+VqMupzZRCHLP1s6dJlzHx0c42ZU3RCTQGxfb9odHd9fzq3j+16ay7/Obt6N3eqZsde Zzo8HluzJUe99L6dQmE4rtL3fdzq9meI9qDfocFQNMPiHvVegLhg2607us+YmGFs5z4RLkTmvW3ar6sbtN5tNU18+GFte3Py8tbAK/ AabIAm+AS2wQ9wAE4BBin4BX6DP4v/agu1pdrymDo/N9G8AJVRe/kfM84LDQ==</latexit><latexit sha1_base64="ICDqYeSujfSwD/hrC79OgitbhFk="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKaWD8EDSJMGGkiT9t1NaqrJdtzUWuxkttu1svIzeIXfxRN/BSfttsauNUuVrn3OuT 732qlRllCpGo2/c/MPHi48Wqw9rj9Zerr8bGX1eUumfYHJKU6TVJwjKElCOTlVVCXkPBMEMpSQM3S5U+BnAyIkTfmJGmWkw2DMaZdiq MxSO1RkqPQG+vgmv1hZa2w1yhG4QXMSrIHJOLhYXfyyHkYp7jPCFU6glO1mI1MdDYWiOCF5fT3sS5JBfAlj0jYhh4zIji5d58G6WYm CbirMj6ugXK1INGRSjhgyVAZVTzpgsToTbPdV93NHU571FeF4vFe3nwQqDYouBBEVBKtkZAKIBTV+A9yDAmJlelW3q2oWVSHTVSLyei iJGseKsCyBimgOBzQuGxoUftNE5toQp/wQHpvD7JksEJGkipkUlDen3E6jWlHTs6rgxJCLljlcxKrzSf82b1pVAa+hHBm0ujgcn81U keWC5qlg0LTP3JZco/hrXq/XQ06uccoY5JEOcSoNEhbbYJjonTyv4oLKyyn8yMZVX/Ap/MTGo2iCCqYjG5Q05ndwObMYcBBPCAjp7za K08EdWli3xMicZ/mlmOzFxK7NnOgtXkzsBGg/1zoIe9K0mei3ja33jOUhYsG+nQodepiHDrPlYbYc5pWHeeUwhx7m0GEOPMyBw8w8z MxmDoiCHm5YQHbiyJdZh99IomCxg6Px9eJGc+VqMupzZRCHLP1s6dJlzHx0c42ZU3RCTQGxfb9odHd9fzq3j+16ay7/Obt6N3eqZsde Zzo8HluzJUe99L6dQmE4rtL3fdzq9meI9qDfocFQNMPiHvVegLhg2607us+YmGFs5z4RLkTmvW3ar6sbtN5tNU18+GFte3Py8tbAK/ AabIAm+AS2wQ9wAE4BBin4BX6DP4v/agu1pdrymDo/N9G8AJVRe/kfM84LDQ==</latexit><latexit sha1_base64="ICDqYeSujfSwD/hrC79OgitbhFk="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKaWD8EDSJMGGkiT9t1NaqrJdtzUWuxkttu1svIzeIXfxRN/BSfttsauNUuVrn3OuT 732qlRllCpGo2/c/MPHi48Wqw9rj9Zerr8bGX1eUumfYHJKU6TVJwjKElCOTlVVCXkPBMEMpSQM3S5U+BnAyIkTfmJGmWkw2DMaZdiq MxSO1RkqPQG+vgmv1hZa2w1yhG4QXMSrIHJOLhYXfyyHkYp7jPCFU6glO1mI1MdDYWiOCF5fT3sS5JBfAlj0jYhh4zIji5d58G6WYm CbirMj6ugXK1INGRSjhgyVAZVTzpgsToTbPdV93NHU571FeF4vFe3nwQqDYouBBEVBKtkZAKIBTV+A9yDAmJlelW3q2oWVSHTVSLyei iJGseKsCyBimgOBzQuGxoUftNE5toQp/wQHpvD7JksEJGkipkUlDen3E6jWlHTs6rgxJCLljlcxKrzSf82b1pVAa+hHBm0ujgcn81U keWC5qlg0LTP3JZco/hrXq/XQ06uccoY5JEOcSoNEhbbYJjonTyv4oLKyyn8yMZVX/Ap/MTGo2iCCqYjG5Q05ndwObMYcBBPCAjp7za K08EdWli3xMicZ/mlmOzFxK7NnOgtXkzsBGg/1zoIe9K0mei3ja33jOUhYsG+nQodepiHDrPlYbYc5pWHeeUwhx7m0GEOPMyBw8w8z MxmDoiCHm5YQHbiyJdZh99IomCxg6Px9eJGc+VqMupzZRCHLP1s6dJlzHx0c42ZU3RCTQGxfb9odHd9fzq3j+16ay7/Obt6N3eqZsde Zzo8HluzJUe99L6dQmE4rtL3fdzq9meI9qDfocFQNMPiHvVegLhg2607us+YmGFs5z4RLkTmvW3ar6sbtN5tNU18+GFte3Py8tbAK/ AabIAm+AS2wQ9wAE4BBin4BX6DP4v/agu1pdrymDo/N9G8AJVRe/kfM84LDQ==</latexit><latexit sha1_base64="ICDqYeSujfSwD/hrC79OgitbhFk="> AAAIXXichVVdb9MwFPUGY6WMscEDD7xETJOGNKaWD8EDSJMGGkiT9t1NaqrJdtzUWuxkttu1svIzeIXfxRN/BSfttsauNUuVrn3OuT 732qlRllCpGo2/c/MPHi48Wqw9rj9Zerr8bGX1eUumfYHJKU6TVJwjKElCOTlVVCXkPBMEMpSQM3S5U+BnAyIkTfmJGmWkw2DMaZdiq MxSO1RkqPQG+vgmv1hZa2w1yhG4QXMSrIHJOLhYXfyyHkYp7jPCFU6glO1mI1MdDYWiOCF5fT3sS5JBfAlj0jYhh4zIji5d58G6WYm CbirMj6ugXK1INGRSjhgyVAZVTzpgsToTbPdV93NHU571FeF4vFe3nwQqDYouBBEVBKtkZAKIBTV+A9yDAmJlelW3q2oWVSHTVSLyei iJGseKsCyBimgOBzQuGxoUftNE5toQp/wQHpvD7JksEJGkipkUlDen3E6jWlHTs6rgxJCLljlcxKrzSf82b1pVAa+hHBm0ujgcn81U keWC5qlg0LTP3JZco/hrXq/XQ06uccoY5JEOcSoNEhbbYJjonTyv4oLKyyn8yMZVX/Ap/MTGo2iCCqYjG5Q05ndwObMYcBBPCAjp7za K08EdWli3xMicZ/mlmOzFxK7NnOgtXkzsBGg/1zoIe9K0mei3ja33jOUhYsG+nQodepiHDrPlYbYc5pWHeeUwhx7m0GEOPMyBw8w8z MxmDoiCHm5YQHbiyJdZh99IomCxg6Px9eJGc+VqMupzZRCHLP1s6dJlzHx0c42ZU3RCTQGxfb9odHd9fzq3j+16ay7/Obt6N3eqZsde Zzo8HluzJUe99L6dQmE4rtL3fdzq9meI9qDfocFQNMPiHvVegLhg2607us+YmGFs5z4RLkTmvW3ar6sbtN5tNU18+GFte3Py8tbAK/ AabIAm+AS2wQ9wAE4BBin4BX6DP4v/agu1pdrymDo/N9G8AJVRe/kfM84LDQ==</latexit>
(b4)
<latexit sha1_base64="DKPx6eXUBcOLn1oPj/vLarvaslM="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKshW2hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtZHxvIQseDAToWOPMwjh9nyMFsO89rDvHaYQw9z6DAHHubAYWYeZ mYzB0RBDzcsIDtx5Musw28kUbDYwdH4enGruXY1GfW5MohDln62dOkyZj66ucbMKTqhpoDYvl80ur++P53bx/a8NZf/nF29lztVsxOv Mx2ejK3ZkuNe+tBOoTAcV+n7Pu50BzNE+9Dv0GAommFxn3ovQFyw7dYdP2RMzDC2+5AIFyLz3jbt19UNWh+2miY+2l7b2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HK90LDA==</latexit><latexit sha1_base64="DKPx6eXUBcOLn1oPj/vLarvaslM="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKshW2hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtZHxvIQseDAToWOPMwjh9nyMFsO89rDvHaYQw9z6DAHHubAYWYeZ mYzB0RBDzcsIDtx5Musw28kUbDYwdH4enGruXY1GfW5MohDln62dOkyZj66ucbMKTqhpoDYvl80ur++P53bx/a8NZf/nF29lztVsxOv Mx2ejK3ZkuNe+tBOoTAcV+n7Pu50BzNE+9Dv0GAommFxn3ovQFyw7dYdP2RMzDC2+5AIFyLz3jbt19UNWh+2miY+2l7b2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HK90LDA==</latexit><latexit sha1_base64="DKPx6eXUBcOLn1oPj/vLarvaslM="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKshW2hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtZHxvIQseDAToWOPMwjh9nyMFsO89rDvHaYQw9z6DAHHubAYWYeZ mYzB0RBDzcsIDtx5Musw28kUbDYwdH4enGruXY1GfW5MohDln62dOkyZj66ucbMKTqhpoDYvl80ur++P53bx/a8NZf/nF29lztVsxOv Mx2ejK3ZkuNe+tBOoTAcV+n7Pu50BzNE+9Dv0GAommFxn3ovQFyw7dYdP2RMzDC2+5AIFyLz3jbt19UNWh+2miY+2l7b2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HK90LDA==</latexit><latexit sha1_base64="DKPx6eXUBcOLn1oPj/vLarvaslM="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKshW2hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtZHxvIQseDAToWOPMwjh9nyMFsO89rDvHaYQw9z6DAHHubAYWYeZ mYzB0RBDzcsIDtx5Musw28kUbDYwdH4enGruXY1GfW5MohDln62dOkyZj66ucbMKTqhpoDYvl80ur++P53bx/a8NZf/nF29lztVsxOv Mx2ejK3ZkuNe+tBOoTAcV+n7Pu50BzNE+9Dv0GAommFxn3ovQFyw7dYdP2RMzDC2+5AIFyLz3jbt19UNWh+2miY+2l7b2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HK90LDA==</latexit>
(b3)
<latexit sha1_base64="/oYK1VHQWoDA78Tsh2Rc6gnF23A="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKsg62hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtY2Y3mIWHBgp0JHHuaRw2x5mC2Hee1hXjvMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjVXLuajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V/fn87tY3vemst/zq7ey52q2YnX mQ5PxtZsyXEvfWinUBiOq/R9H3e6gxmifeh3aDAUzbC4T70XIC7YduuOHzImZhjbfUiEC5F5b5v26+oGrQ9bTRMffVzb2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HI+wLCw==</latexit><latexit sha1_base64="/oYK1VHQWoDA78Tsh2Rc6gnF23A="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKsg62hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtY2Y3mIWHBgp0JHHuaRw2x5mC2Hee1hXjvMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjVXLuajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V/fn87tY3vemst/zq7ey52q2YnX mQ5PxtZsyXEvfWinUBiOq/R9H3e6gxmifeh3aDAUzbC4T70XIC7YduuOHzImZhjbfUiEC5F5b5v26+oGrQ9bTRMffVzb2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HI+wLCw==</latexit><latexit sha1_base64="/oYK1VHQWoDA78Tsh2Rc6gnF23A="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKsg62hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtY2Y3mIWHBgp0JHHuaRw2x5mC2Hee1hXjvMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjVXLuajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V/fn87tY3vemst/zq7ey52q2YnX mQ5PxtZsyXEvfWinUBiOq/R9H3e6gxmifeh3aDAUzbC4T70XIC7YduuOHzImZhjbfUiEC5F5b5v26+oGrQ9bTRMffVzb2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HI+wLCw==</latexit><latexit sha1_base64="/oYK1VHQWoDA78Tsh2Rc6gnF23A="> AAAIXXichVVda9swFFW7dc2yrmu3hz3sxawUOuhKsg62hw0K3egGhX6nhTgUSVYcUUt2JSVNEP4Ze91+1572VyY7aRtLERUErnTOuT r3So5QllCpGo2/c/OPHi88Waw9rT9ber78YmX1ZUumfYHJGU6TVFwgKElCOTlTVCXkIhMEMpSQc3S1W+DnAyIkTfmpGmWkw2DMaZdiq MxSO1RkqPQG2n6XX66sNbYa5QjcoDkJ1sBkHF6uLn5ZD6MU9xnhCidQynazkamOhkJRnJC8vh72JckgvoIxaZuQQ0ZkR5eu82DdrER BNxXmx1VQrlYkGjIpRwwZKoOqJx2wWJ0Jtvuq+7mjKc/6inA83qvbTwKVBkUXgogKglUyMgHEghq/Ae5BAbEyvarbVTWLqpDpKhF5PZ REjWNFWJZARTSHAxqXDQ0Kv2kic22IU34Ij81h9kwWiEhSxUwKyptTbqdRrajpWVVwashFyxwuYtX5pH+bt62qgDdQjgxaXRyOz2aq yHJB81QwaNpnbkuuUfw1r9frISc3OGUM8kiHOJUGCYttMEz0bp5XcUHl1RR+bOOqL/gUfmrjUTRBBdORDUoa83u4nFkMOIgnBIT0dxv F6eAeLaxbYmTOs/xSTPZiYtdmTvQOLyZ2AnSQax2EPWnaTPT7xtY2Y3mIWHBgp0JHHuaRw2x5mC2Hee1hXjvMoYc5dJgDD3PgMDMPM 7OZA6KghxsWkJ048mXW4TeSKFjs4Gh8vbjVXLuajPpcGcQhSz9bunQZMx/dXGPmFJ1QU0Bs3y8a3V/fn87tY3vemst/zq7ey52q2YnX mQ5PxtZsyXEvfWinUBiOq/R9H3e6gxmifeh3aDAUzbC4T70XIC7YduuOHzImZhjbfUiEC5F5b5v26+oGrQ9bTRMffVzb2Zy8vDXwBr wFG6AJPoEd8AMcgjOAQQp+gd/gz+K/2kJtqbY8ps7PTTSvQGXUXv8HI+wLCw==</latexit>
(b2)
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FIG. 1. (a) Fourier Magnitude-generated images, and (b) Box-counting-generated images, both series with increasing complexity
from left to right. These images were used for our large-scale survey.
Magnitude property: setting uˆ(k, θ) = kαei2piη(k), where
η is drawn from a uniform distribution on [0, 1] with
〈η(k)η(k′)〉 ∝ δkk′ , and taking the inverse Fourier Trans-
form of uˆ allows to produce a series of random greyscale
images |u(r, φ)| with controlled Magnitude slope [22, 25,
26] Table I gathers the computed complexity measures
α, df and τ of the 256×256 images displayed in Fig. 1a.
As one can see both df and τ are increasing functions
of α, comforting our choice of complexity measures and
indicating that there is a clear correlation between the
spectral, fractal and algorithmic properties.
The use of a second set of images was motivated
by the remarks of some survey participants. When
asked why they had preferred certain images, they re-
sponded their picks reminded them of cloudy skies or
galactic landscapes. With the aim of producing more
abstract images, we used an alternative method, now
based on reverse-engineering the Minkowski-Bouligand
box-counting method (Fig. 1b). Black squares of size
 = 2k, k ∈ [1, kmax], drawn from the distribution
Nx() = A
−x are randomly added to a white canvas of
size 256×256 with the condition that they do not over-
lap. The upper boundary kmax is chosen such that the
biggest squares occupy at most 1/16th of the total sur-
face, kmax ≤ log2(256)− 2 = 6. We also enforce that the
total fraction of black pixels does not exceed 1/2. Here
again the complexity measures appear to be increasing
functions of one another (see Tab. I).
In 2013, Spehar and Taylor [26] conducted a survey
on twenty-six academics, using black and white com-
puter generated images with increasing fractal dimen-
sion. They found a reversed U-shaped relation between
image appreciation and Fractal dimension, with an aes-
thetic optimum for df ≈ 1.5, allowing to argue that we in-
deed tend to prefer images with intermediate complexity,
see also [22, 25]. Curious of their results, we conducted a
larger scale experiment intended for a larger panel (over
a thousand participants with different backgrounds), us-
ing the images presented in Fig. 1. Our question at this
stage is similar: is there a link between the statistical
properties of our generated images and the tendency of
people to appreciate them?
Survey methods design constitutes a strand of research
on its own [27]. For optimal results the selection task
must be simple and display the minimum amount of in-
formation to the interviewee. While the common five-star
ratings only take a time proportional to the number of
images to score, these have been shown to be weighted by
extreme grades, the utility given to intermediate grades
being far from linear [28]. Five-star ratings image-by-
image can also be rather disorienting due to the lack of
reference. Another option is image classification, where
interviewee is presented with the whole set of images and
is then asked to sort them by preference. While also
time-efficient, presenting all the images at once might
strongly induce people into intuitively recognising other
features, such as complexity, and ending by sorting them
TABLE I. Complexity properties of the images presented in
Fig. 1.
a1 a2 a3 a4 a5 a6
α -3.96 -2.47 -1.95 -1.42 -0.76 0
df 1.22 1.33 1.58 1.87 1.99 2.0
τ 0.045 0.074 0.12 0.22 0.40 0.41
b1 b2 b3 b4 b5 b6
α -2.14 -1.78 -1.56 -1.32 -1.04 -0.77
df 1.42 1.51 1.62 1.75 1.88 1.95
τ 0.012 0.014 0.022 0.044 0.095 0.16
3by something else than preference. Finally, the Battle
survey consists in successively presenting to the inter-
viewee all possible sets of two images and asking them
to choose the one they prefer [4, 29]. While less time-
efficient (with N(N − 1)/2 = O(N2) battles, for N = 6
one needs 15 rounds to complete the survey), this method
beats the other shortcomings mentioned above, and peo-
ple usually feel more comfortable with such a binary task,
intellectually less challenging. We thus choose the latter
method.
We conducted three slightly different surveys. The
panel for the first survey consisted of colleagues from
CFM and Ecole Polytechnique as well students and rel-
atives, adding up to ≈ 350 people, who were asked to
participate without any financial incentive. While prob-
ably slightly biased population-wise, these are the results
as we are most confident with, since we believe people in
such a panel completed their tasks selflessly and honestly.
To run this survey we used the Zooniverse platform [30]
which provides a rather intuitive interface. The 15 two-
image sets for each series were generated using a python
algorithm that concatenated the images in a random or-
der and attributed them a different name so that the
interviewee couldn’t find hidden information. Upon com-
pletion of the survey, to establish a global ranking of the
images we attributed them a score according to the fol-
lowing rule: if image i wins (resp. looses) a battle, its
score Si increases (resp. decreases) by 1/Ni where Ni
denotes the number of battles in which i was involved
[31]. To obtain a score Si ∈ [0, 1] we then transform it
as Si → (Si + 1)/2. The results are plotted as a solid
black line in Fig. 2. Remarkably, the preferred images
appear to be a4 a5, and b4 b5 respectively, both corre-
sponding to α close to 1. To note, interestingly α ≈ 1 is
often associated to the spectral properties of natural im-
ages [15, 32] and visual arts [17]. Discussions with voters
revealed that they found their favorite images to be the
most harmonious and well balanced.
In order to increase the size and diversity of the panel,
we ran two other experiments on the Mechanical Turk
platform [33], in which participants are paid a small
amount of money to participate (we reached ≈ 700 pan-
elists). The first attempt on this platform (dotted light-
gray line in Fig. 2) appeared to give rather noisy results,
especially for the second set of images. We partly at-
tribute this to a fraction of participants answering ran-
domly to the battles, which is likely much less significant
when people participate selflessly and in good will. In
general, survey participants on such paying platforms are
evaluated and only get paid if they completed their tasks
satisfactorily, but in our case one cannot really evalu-
ate the panelists since satisfactorily here only stands for
honestly. In the second tentative (dash-dotted gray line
in Fig. 2) we formulated the question differently in or-
der to encourage non-random participation: much like in
Keynes’ famous beauty contest [34], people were asked
FIG. 2. Results of the three different surveys (Zooniverse:
solid black line, Mechanical Turk 1: dotted light gray-line,
Mechanical Turk 2: dash-dotted gray line). The diamonds
markers indicate the structural complexity τcg defined below.
We have rescaled and shifted vertically τcg to show that the
maximum scores also correspond to maximum structural com-
plexity. Top: image series of Fig. 1(a). Bottom: image series
of Fig. 1(b). Error bars reflect population heterogeneity.
to pick the image which they thought would be preferred
by the majority and told they would not get paid if their
overall choices fell too far off the average (needless to say,
we did process all of the data, regardless of its distance to
the average). While probably introducing other biases,
the results displayed less noise and better agreement with
that of the initial selfless survey. Also note that while all
results are fully consistent for the first set of images (Fig.
1(a)), the second experiment leads to a less pronounced
maximum for the image series of Fig. 1(b), with scores
on average closer to S = 1/2 than they were for the very
first experiment.
Very much like entropy is used to measure the dis-
order in a physical system, we would now like to see
whether there might exist a statistical proxy to estimate
an image’s harmony and equilibrium, as described by our
survey participants. Given the complexity measures de-
scribed above, images with low complexity display very
simple shapes (a1 b1), and images with very high com-
plexity display a large amount of white noise (a6 b6).
Our survey revealed that maximum appreciation is ob-
4tained for intermediate complexity suggesting the follow-
ing question: could it be that an aesthetically appealing
image results from a subtle balance between complex-
ity and regularity? And if so, can we find an associated
statistical measure? The work of Desolneux et al. [18]
clearly resonates with such questions. Guided by the idea
that there is no perceptual structure in white noise, the
authors attempted to characterise forms and structures
and in particular defined unusual features or Gestalts as
sets of points whose (...) spatial arrangement could not
occur in noise. Their ideas can be easily illustrated with
the coffee and cream dynamics [35]. Consider the experi-
ment in which plain cream is left to slowly mix with plain
coffee. While the initial and final states of such a system
display very regular homogeneous structures, the tran-
sitional regime displays interesting and complex mixing
patterns as the cream/coffee interface slowly disappears.
So far we have used the term complexity rather impre-
cisely and it is now time to distinguish more rigorously
two sorts of complexity. The first is entropic complex-
ity measuring the amount of information in the image,
which in the coffee experiment can only be an increasing
function of time according to the second law of thermo-
dynamics; the second is structural complexity accounting
for the amount of features outside of the noise, which
here is a non-monotonous function of time displaying a
maximum at intermediate stages where the non-trivial
mixing patterns are most significant. Entropic complex-
ity is well described by α, df or more commonly τ . Struc-
tural complexity, in a sense, measures noiseless entropic
complexity or interestingness.
Guided by the work of Aaronson et al. [35] we com-
puted structural complexity as a noiseless entropy. More
precisely we apply a coarse-graining procedure of given
radius rcg on the B&W images and then compute their
algorithmic complexity τcg which we call structural com-
plexity in the following [36]. The colour of a given block
is determined by its black to white pixel ratio η ∈ [0, 1]:
white if η ≤ δ, gray if δ < η ≤ 1 − δ, and black for
η > 1− δ where δ ∈]0, 1/2[ is a given threshold. Figure 3
illustrates the procedure on images a1, a4 and a6; after
turning them into B&W (second column), the coarse-
graining procedure is applied (third column). As one can
see, image a1 is barely changed (just a thin gray line at
the domain boundaries) and we thus expect τcg ≈ τ , im-
age a4 is slightly denoised while letting its structures in-
variant τcg . τ , image a6 however is strongly denoised as
the coarse-graining procedure has left it almost plain gray
suggesting τcg  τ . The structural complexity computed
for both sets of image is plotted on Fig. 2 as dark red di-
amonds. As expected, τcg(α), or equivalently τcg(df) and
τcg(τ), are non-monotonous functions displaying a max-
imum for intermediate values of α, df and τ . Since the
y-axis is rather arbitrary we have rescaled and shifted
τcg(α) for an easier comparison with the survey data.
Furthermore, the scale parameter rcg and the threshold
FIG. 3. Illustration of the coarse-graining procedure on
images a1, a4 and a6, with rcg = 7 and δ = 0.23.
η can be used as fitting parameters; in particular rcg acts
as the cutoff of a low-pass filter which erases high fre-
quency spatial features, increasing it tends to lowers the
right most red markers and shift the maximum to the left.
Up to a multiplicative factor, best fits are obtained for
(rcg, η) = (7, 0.23) for the first set and (13, 0.12) for the
second. The agreement between theory and experiments
is quite convincing. Not only do the maxima coincide,
but also the overall shape of the curves is similar. This
quantitatively supports the idea that structural complex-
ity is a good proxy for average image preference.
Let us summarise what we have achieved. Using two
random-image-generation algorithms, we produced two
different sets of abstract images spanning a broad range
of entropic complexity, measured by three different quan-
tities. We then designed and ran a large-scale experi-
ment for image classification and found that preference
peaks about complexity criteria matching that of natu-
ral images, perhaps indicating that people’s preferences
are influenced by their natural environment. Finally, our
main contribution is to show that a “noiseless” entropy
(that captures interesting structural features only) ac-
counts well for the experimental results on image appreci-
ation. It is interesting to speculate that, when confronted
with images, the human brain may actually conduct the
same kind of geometrical coarse-graining, trying to ex-
tract forms and structures while erasing uninteresting
noise, or as put by the Gestalt theory [37]: filter mean-
ingful perceptions from chaotic stimuli. As a result, the
excess of noise and lack of forms may lead to unconscious
rejection of structureless images.
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